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x + Bx + Ax = 0 with B related in various ways to the positive square root, A1'2, of A. Comparison with existing "ad hoc" models is made. where • means d/dt, iel,a Hilbert space with inner product (, ) and associated norm || ||, and A is a positive self-adjoint operator on X, ordinarily bounded with domain 2(A) dense in X. Under these circumstances A has a non-negative self-adjoint square root A112 defined on a domain @(a1/2) c X. Throughout the paper we will assume that A is bounded below, i.e., (x, Ax) > a||x||2, xeX, for some fixed a > 0. Then the spectrum of A is bounded away from zero and, as a consequence 3i(A112) => Q){A\, indeed 3>(Ar) 3 3)(AP) if r and p are positive numbers with r < p. Associated with (1.1) is the energy form E(x, x) = i(||x||2 + \\Amx\\2) (1.2) which is conserved when x(f) is a solution of (1.1). More on this shortly. Perhaps the most notable disadvantage associated with conservative systems is the fact that they do not occur in nature. Always there are dissipative mechanisms acting within the system causing the energy to decrease during any positive time interval. The most widely accepted mathematical model exhibiting such dissipative behavior takes the form x + Bx + Ax = 0 (1.3) where B is again a positive self-adjoint operator on X with domain S(B) dense in X. If x(t) is a solution of (1.2), twice strongly continuously differentiable with x(t) e 3>(A),
x(t) e 2>(B), then jtE(x(t), x(t)) = j^[x(t), x(t)) + (A1/2x(t), A1/2x(t))] = (x(t), x(t) + Ax(t))
= -(x(t), Bx(t)) < 0.
For the moment this is all formal since we have not discussed the existence of, or the nature of, solutions of (1. -A ZH-ZI
We digress, briefly, to consider the case where A is only non-negative. In this case we may write X = X + @X°, x e AT=>x = |*0 ), and, for x e Si (A), Ho* x;ht)
Here X° is the null space of A. We will assume that A+ is bounded below. Then (1.5) is the same as (:No M rxinSince (1.6) is almost trivial, only (1.7) need be studied. As a consequence, we may as well assume that A is bounded away from zero in (1.1), (1.5) when proving theorems about these systems. The space X° is usually finite-dimensional, encompassing free rigid body motion. With A bounded away from zero, A~\ A~1/2 are non-negative bounded self-adjoint operators on X. The transformation z1 = A' 1/2w\ z2 = w2 (1 Unless B is bounded it cannot be expected that ££B will generate a group on W; a semigroup is all we get. For X > 0, our assumptions imply that XI + B is self-adjoint and non-negative. We compute For the first of these requirements we assume 2s>(A112) n 3>(B) is dense in X.
For the second we observe that if {(wl, w2)} converges in W and <£B(wl, wl) converges in W, the latter implies that {/41/2w2} converges in X, (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) {Al/2wl + Bwj} converges in X.
(1-17)
From (1.16) together with the fact that A1'2, being self-adjoint, is closed, we conclude that w2 s lim^^ wl e S>(A112). It is not, however, easy to conclude from (1.17) that either {Ai/2wk} or {Bwl} is convergent. Indeed, take the case where B = A. Using a coordinate system based on an orthonormal system for A, we may represent A = B -diag(Aj, A2, A3, ...), A1/2 = (Aj/2, A^'2, A\ '2, ...) and vectors x e X may be represented by their expansion coefficients: 00 x = (Xj, x2, x3, ...), £ | xk |2 < GO. k= 1
Assuming that lim*.^ Xk = +oo, a sequence {xt} with positive elements may be found such that 00 00 00 £ l*k|2 < °°> X \W2Xk\2 = t ^k\xk\2 = CO- The operator A is closable because it can be shown to have a complete set of eigenvectors in W = X@X and from that, via the Galerkin method [6] , it can be shown that there is a strongly continuous semigroup, £fA(t), of bounded operators which satisfy d lw1\ -£fA(t)w = <£AyA(t)w whenever w = I 21 satisfies (1.18).
Then yA(t) has a closed generator, which we will still call <£A, defined by for all w such that this limit exists. Denoting this set of w by 3>(yA), i?A will be closed. In general this domain is larger than the one described in (1.18).
Despite this eventually positive outcome for the case B = A, the example shows that it will not be easy to characterize all instances wherein y B is a closed operator or, at least, has a closed extension.
At least two procedures come to mind. For some applications it is reasonable to assume that B is /l1/2-bounded, i.e., the domain of B includes the domain of A1'2 and there is a positive number M such that ||Bx| < M(||x|| + ||v41/2x||), x e 3>(A1/2).
In such an event the domain of is precisely {(w1, w2)^1 e 3>(A112), w2 e &i(Ait2)}, (1.16) implies that {Bw£} converges in X and that, with (1.17) implies that {All2wl} converges in X. Then i?B is closed as defined on (1.15).
A second possibility is to show that is maximal dissipative or that it has a maximal dissipative extension. The theory of Phillips [7] then applies to show that the maximally extended dissipative operator generates a semigroup S^B(f) and is a closed operator. This is essentially what we have already carried out for the case B = A.
2. Structural damping and holomorphic semigroups: implications. The basic property of structural damping, which is said to be consistent with empirical studies [3, 9] , is that the amplitudes of the normal modes of vibration are attenuated at rates which are proportional to the oscillation frequencies. We will see that this is an important property, implying as it does that many distributed systems act in a manner more like finitedimensional systems than would otherwise be the case.
The subject of energy dissipation in elastic systems has been extensively studied in the literature (see, e.g. [3] ). Nevertheless, mathematical modelling appears to be rather primitive and ad hoc. In [3] and [4] 
four values for each integer k. These lie in an "X" pattern in the complex plane, symmetric with respect to both the real and imaginary axes ( Fig. 1) . In engineering use, those lying in the right half-plane are rejected as extraneous, those in the left half-plane are retained. This does not correspond to choosing one to the signs + or -in (2.1), however. Eq. (2.1) has numerous disadvantages. First of all, it is not properly an equation and there is no associated strongly continuous semigroup. Secondly, if A denotes a positive symmetric matrix representing a discretization of the elastic operator A, the equation
is still not computationally useful for generating approximate solutions. There is the obvious problem of introducing complex numbers into an equation which is supposed to represent a real system. Further, the "extraneous" solutions will grow and eclipse the decaying solutions which are actually desired. This remains true for the real fourth-order equation
which has the same solutions as (2.1). The form of (2.2) is, nevertheless, suggestive of the prototype model for this paper which is x + 2pA1/2x + Ax = 0, (2.3)
where A1/2 denotes the positive self-adjoint square root of A. For (2.3), trial solutions xk(t) = e"k'(pk lead to the equation
if p2 < 1, which we would normally anticipate for lightly damped structures. In (2.4) we have exponents forming a pattern " > " in the complex plane, a pattern quite similar to the retained ak of the earlier model (2.1) (see Fig. 2 ). The system (2.3) has many advantages in addition to not producing extraneous spectral values. It is a bona fide dynamical system; we will see in the next two sections that this system corresponds to a system (1.13) with y B ~ 2pA _ I 0 A112 \ _2 pA1 '2) such that yipAui generates a strongly continuous (in fact, holomorphic) semigroup in W = X©X, and that this remains true for the operator &B if B "resembles" 2pA1/2 appropriately.
The eigenvectors of if 2(>avi also have properties which are desirable from the analytical point of view. If we denote the normalized eigenvectors of A (equivalently Alt2) in X by (f>k, k = 1, 2, 3, ..then the normalized eigenvectors of the antihermitian operator corresponding to iwk, -icok are seen to be e: -O-<«)
and it is easy to verify from the corresponding properties of the (pk in X that the vectors (2.6) form an orthonormal basis for W -XSX-which would also follow from the fact that the operator (2. in W = X ©X. Since this transformation is bounded and boundedly invertible for nf.2 < \\) < n, which corresponds to 0 < p < 1, we conclude that the x) form a uniform, or Riesz, basis [1, 8] for W = X®X\ that is, given w e W, w may be expanded in the convergent series w= £ (wk + *¥? + wk -Vk ) Among other things, this implies that if2paw's similar to a normal operator-which is also easily seen from the operator identity This is emphatically not true for the undamped operator £f0, or for the operator 1£ ,,, y > 0, corresponding to viscous damping. In those cases all that can be asserted is that | R(iw) | is bounded. The inequality IKAI-JSPb)-1! <M/|A|, |arg 11 < ^ -e, (2.11) which follows from the above considerations for B = 2pA1'2, is the fundamental hypothesis required in order that should generate a holomorphic semigroup in W. An inequality of the form (2.10) easily follows from (2.11). Since systems whose frequency response functions satisfy (2.10) may be modeled effectively by finite-dimensional systems-as will be shown elsewhere-structural damping and the closely allied property of holomorphic semigroup generation have significant practical modeling implications.
To conclude this section we remark that, although A being a differential operator does not at all ensure that A112 is such, this does not impede the usefulness of (2.3) in computations. If one approximates A by a positive, self-adjoint finite-dimensional matrix A, the positive self-adjoint square root matrix A112 may be calculated readily and the finite dimensional system w + 2 pAll2w + Aw = 0 is then available for computational use. Specifically, we will assume at the outset that B is A1/2-bounded so that, as noted in Sec. 1, if B is closed. From [5] we know that a sufficient condition for ifB to generate a holomorphic semigroup is the following: that ¥ B should be closed and that there should exist a positive number 6U 0 < 0t < tt/2, such that of the complex A plane. When this is true the semigroup £fB(t) generated by if B is defined for t in the dual sector {0} u {t||arg f| < 0!} and for each w e W, £fR(t)w is a holomorphic (i.e., differentiate with respect to || ||^) vector-valued function in {t||f | > 0, |arg t\ <6^.
We have already presented, in Sec. 2, a discussion of the significance of the holomorphicity of £f'B{t). From that work we know that solutions w(t) = £flB(t)w corresponding to holomorphic semigroups fflB(t) exhibit a number of properties characteristic of structural damping. In this case we can take 6 to be any positive number < n/2. The modulus of p±(X, p, p) is then the ratio of the distance from A to the origin to the distance from X to one of the points -pr+ or -pr~. Let ijt be the angle between A and the negative real axis (see The symmetry of the situation allows us to consider X in the upper half of this sector only. We let ij/ be the angle between X and the ray arg X = (n/2) + 9y. Then xj/ > 0i -9 > 0. This completes the proof. The result shows, in effect, that the set of operators B for which $£B generates a holomorphic semigroup includes a neighborhood, relative to the operator topology H^II-41/2 = \BA~ 1/2|| about B = 2p-41/2 for any positive number p. Inspection of the case C = cl shows very quickly that this is the best result one can obtain in terms of || ||xi/2-However, the result is not satisfactory for many purposes. What we would eventually like to be able to prove is that if B is a positive self-adjoint operator such that Pi A112 < B< p2A112, xe£>(A112), (3.25) We can offer a partial result in this direction in the form of the following corollary to Theorem 3.1. Now the term Q+(X, p, /11/2)~U(B -2pAll2)Q~(X, p, A1'2)'1 which occurs in (3.16) can be rewritten as
The proof then proceeds as before except that it is now necessary to establish the boundedness of the operators Q+(A, p, A112)-1 A112 A11*, ^i2A1iaQ-(X, p, A112)-1.
Going over to the spectral analysis again, it is sufficient to establish the uniform boundedness of the functions^(
for p e o(A1'2), | A| sufficiently large in the sector |arg X\ < (n/2) + 9. But since |S±(A, p, yu)|2 = |p±(l p, /i)||g±(A, p,n)\.
This follows immediately from the work already done in the proof of Theorem 3.1 and is ,s/-bounded with s/ norm tending to 0 as ||C|| tends to zero. The cited result in [5] then shows that $i + <€ generates a holomorphic semigroup. The proof that (3.29) generates a holomorphic semigroup is almost immediate when one notes that, as pointed out in Sec. 2, A is similar to a normal operator.
4.
A result for strong structural damping. We have noted our conjecture that if B in (1.13) should generate a holomorphic semigroup if B is self-adjoint and positive and (3.25) or (3.26) is valid. Though unable to obtain a result of this strength at the moment, we can present a theorem valid under hypotheses significantly different from those made in Theorem 3.1. Assuming that pj \\x\\2 < \\BA~ 1/2x||2 < p\ ||jc||2, (4.1) equivalently,
The theorem applies, basically, when pj is large and p2 is not "too large" in relation to pi. We will call this the case of "strong" structural damping. Let us note, first of all, that (4.1), (4.2) imply that ||Bx|| < kt ||^41/2^c|| for some k1 not greater than p2. We will see later that (4.1) implies p2||x||2< ||y4~1/2Bx||2 < pi ||x||2 (4.3) so that \A~ 1/2BA~ 1/2/11/2x|| < k2 ||x|| with k2 not greater than p2. We let £ = sup(/c1; k2). Then
Theorem 4.1. Let B be positive and self-adjoint; let A be as in Sec. 1. Let BA~112 satisfy (4.1) and let the range of BA~112 be X-so that BA~1/2 is bounded and boundedly invertible. Then the operator (cf. (1.13)) generates a holomorphic semigroup SfB(t) for t in the interior of the sector £ = {te C|[arg t| < tan" *9}, 9 for some 3 > 0, provided that for some e, 0 < ke < 1,
1+|"TJfa>0;
(iii) 1-" (i + 2)?f + ; 11 H-5 i S1 > 0.
1 -e 1 -ke \ p2j
For future reference we observe that (4.4) implies that for some k <2H \(Ax, Bx) -(Bx, Ax)\ < k\\All2x\\\\Ax\\, x e 2(A). Let e be such that 0 < ke < 1 and (i), (ii) are satisfied. Clearly, if 0 < e < e and e is sufficiently close to e, the coefficient of ||£x||2 is nonnegative.
Case II. Re X = £ < 0, X e £ (tan"1 3 + (it/2)), i.e., -£ < 31 f/1. In this case only Tu T2, T3 are obviously non-negative. We have, for 0 < e < e < 1, 0 < ke < 1, I T.I -2|{||A|!(*. Bx) < (1 -£)|in«|2 + ||Bx||!, x ||Bx||2 + k(e -e)||/lx||2 > e|A|4||x||2 + k(e -e)||.4x|| > e|A|4||x||2 + k(e -e)||v4x||2 (4.14)
if ^ e Z (tan~1 $ + (tc/2)), (i)-(iii) hold, 0 < s < e and e is sufficiently close to e. Combining (4.13), (4.14) and taking ci = min(l, e) = e, ci = k(e -e), we see that (4.9) holds and the proof of Lemma 4.2 is complete.
Proof of Theorem 4.1. As we noted before Lemma 4.2, we must establish that the operators (4.7) are uniformly bounded in the sector (4.8). For the third operator in (4.7), the result is now immediate. Since A~ 1,2B = A' 1,2BA~1/2 A = Bx A\1/2, we see that B^A^112 is bounded on the domain of A1'2 and, since that domain is dense in X, BXA\112 extends to a bounded operator on X, which we still call /lj~ 1/2. Then we note that, just as we obtained (4. Let us note that the hypothesis that A is self-adjoint and positive implies the same for A112. Then it is easy to establish that for X e £ (tan -1 3 + n/2) the range of XI + A1'2 is the whole space X. With This can again be done with the aid of the spectral representation for A which, being self-adjoint and positive, can be written as generates a holomorphic semigroup.
